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Abstract 
Let R be a commutative, Noetherian ring and let r be a discrete group. A generalization of 
Swan’s classical technique of grafting chain complexes shows that r is of type FP(co) over R if 
and only if there is a chain complex C, of finitely generated projective RT-modules, augmented 
by R, such that each H,(C) is finitely generated over R and trivial over r. 
This paper establishes the FP(co) property for many discrete groups by grafting 
together chain complexes; a binary tree serves as the blueprint for the construction. 
This finiteness result applies to the fundamental groups of homologically trivial, 
compact mixed spaceforms and to many discrete subgroups of Lie groups. 
We recall some definitions and set some conventions. All modules are left modules, 
unless specified otherwise. Let R be a commutative ring with 1. A group F is of type 
FP(n, R) (or “of type FP(n) over R") if and only if there is a resolution by projective 
RT modules 
. . . jPi-,Pi~,~P,~RRO 
of the trivial r-module R such that Pi is finitely generated for i I n. r is of type 
FP(co, R) if and only if it is of type FP(n, R) for all n. 
If r is of type FP(n, Z) then r is said to be of type FP(n), and this is the version of 
the notion which is usually studied. See [3], [S], and [6] for more details. By results of 
Bieri, Eckmann and Brown the property is equivalent to good behavior of certain 
limits (see Theorem 1.3, Theorem 1.7, and Proposition 2.4 of [3], [4, p. 1301, or 
[S, Theorem 8.4.8, p. 1961) and leads to universal coefficients spectral sequences (see 
Section 3 of [3]). The topological interpretation of the FP(co) property is discussed in 
Section 4 below and may be found in [4] or [3]. 
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The classical technique for grafting together finite chain complexes with the homo- 
logy of a sphere is familiar to many readers from Swan’s study of finite groups acting 
on spheres [20]. In that paper cohomological periodicity is deduced by these means 
and converse arguments leading to actions on complexes homotopy equivalent to 
a sphere are emphasized. 
A similar grafting idea may be used in the study of infinite groups F acting as 
cocompact groups of covering transformations on S” x Rk to show that any such 
F must be of type FP(co). This argument appears in [16] but was also known to 
F. Connolly and E. Pedersen. 
The main theorem of this paper extends grafting techniques by building complexes 
modeled on binary trees and is a substantial improvement on the spherical-Euclidean 
result of [16]. 
Theorem 3.1. Let r be a group and let R be a commutative, Noetherian ring with 1. F is 
of type FP(co, R) if and only there is an R-augmented chain complex C, of jinitely 
generated projective RT modules such that the homology groups of C, are jinitely 
generated over R and are trivial over r. 
In the terminology of group actions, an action of r on a chain complex C, which 
becomes trivial in all the homology groups Hi(C) is homologically trivial, and it is this 
sense of the phrase which is meant in the title. 
Only a few criteria are known for recognizing groups of type FP(co), and the most 
methodical of these are the Bieri-Eckmann-Brown theorem cited above and later 
work of Brown in [6]. (See also [19] and [2].) Brown [6] discusses FP(n, R) 
properties in terms of group actions and stabilizer subgroups, building on an argu- 
ment from [ 143. Our result also is posed in terms of group actions but is quite different 
from Brown’s, which requires actions on acyclic complexes while we need homologi- 
tally trivial free actions on spaces which may be far from acyclic. Theorem 3.1 is a sort 
of converse to Corollary 1.12 of [3], which assumes that a connected CW complex 
X has fundamental group r = rci(X) of type FP(co) and gives a sufficient condition 
for X to be a complex of finite type. By contrast, this paper uses finite type hypotheses 
on X and a covering space of X with deck group r to show that F is of type FP(co). 
The paper begins with a discussion of the algebraic version of killing homology 
classes via mapping cones. Section 2 recalls the language of binary trees, which is used 
extensively in the proof of the main result in Section 3. The final section applies the 
main theorem to fundamental groups of mixed spaceforms and to discrete subgroups 
of Lie groups. Some of our results may be recovered by a spectral sequence argument, 
and this alternative approach is discussed in Section 4 along with anticipated exten- 
sions and applications of the construction of resolutions modeled on trees in [17] 
and [18]. 
This work was completed while the author was a guest of the mathematics 
department at the University of Maryland. An early version of this argument was 
presented to a topology seminar at SUNY Binghamton, and in Binghamton I owe 
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particular thanks to Tom and Marlene Farrell for their interest and hospitality as well 
as to Ross Geoghegan for discussions of related work and for making Bieri’s notes [3] 
available. I am also grateful to the referee for a very useful report which led to several 
improvements in the manuscript. 
1. Grafting chain complexes 
We review some homological algebra. Recall that all modules are left modules 
unless specified otherwise. Let S be a ring with 1 and let C,, D, be chain complexes of 
S-modules. The n-fold suspension of C,, denoted C”C,, is defined by this commutative 
square at each degree p: 
(CnC)P- z”a (CnC)p_ 1 
II a II 
c,_,---c - - Pnl 
A sign change is sometimes included in the definition of the differentials for the 
suspension, as in [S], but it will be more convenient here to work with the sign 
convention above. 
Iff: C, + D, is a chain map then the mapping cone off is the complex M, = M(f), 
with 
a 
‘Mp- I 
DpO C,-I- 
a fb-, I I 
D,-I 0 Cp-z 
0 -a 
Note that D, is a subcomplex of M, and that a short exact sequence of chain 
complexes results: 0 + D, --f M(f), + - CC, -+ 0, where - CC, denotes the sus- 
pension with all differentials multiplied by (- 1). 
If d is a non-negative integer then the d-skeleton of the chain complex C, is denoted 
Cf’ and consists of the modules Ci for 0 < i I d, with the differentials of C,. 
Lemma 1.1. Let R be a commutative ring with 1 and let S = RT be a group algebra over 
R, augmented in the usual way. Let D, be a chain complex of S-modules. Suppose there is 
an integer n such that H,,(D) is jinitely generated as an R-module, r acts trivially on 
H,,(D), and Hi(D) g 0 for n < i < n + d. Let C, be an R-augmented chain complex of 
projective S-modules. 
There is a chain complex E, of S-modules such that Ei z Di for 0 I i I n, Hi(E) zx 
Hi(D) for 0 < i < n, H,,(E) z 0, and Hi(E) z Hi-,- I(C) for n + 1 < i < n + d. 
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Proof. The conclusions of this argument are less important than the main construc- 
tion, which will be referred to as grafting chain complexes or splicing chain complexes. 
The fundamental theorem of homological algebra is the main tool used here. 
Because H,,(D) is finitely generated over R there exists an R-epimorphism 
@ : R” -+ H,,(D). Any choice of @ may also be understood as a morphism over S = RT, 
where r acts trivially at both ends of the arrow; this is the only appearance of our 
homological triviality hypothesis. 
Let (Ccd))’ denote the direct sum of s copies of the d-skeleton of C. Consider this 
commutative diagram of S-modules, in which Z(D,) = ker(3: D, + D,_ 1): 
Q -R”-CC” ~+-----c;+-----..~- c,” 
+I@ 1% 16 14~ 
0 --H,(D) +--~(Dn)+--D,+lt--~~+---DD,+d 
Because C’((IZ~“))~) is a projective complex and the middle row is acyclic, a chain map 
of S-modules 4* : Cn((C(d))s) + D, is induced by @. As usual, @ determines 4, up to 
chain homotopy. 
Let E be the mapping cone of 4, and consider the short exact sequence of chain 
complexes 0 + D, + E, -+ - C”+ ’ ((Ccd))‘) -+ 0. The resulting long exact sequence in 
homology yields the claimed properties, bearing in mind that the connecting 
homomorphism from H,, 1 (Z’+ ‘((Cc”))‘)) g H,(C)” ? R” to H,(D) is @. 0 
The argument above also yields information about homological triviality: 
Corollary 1.2. Suppose that R is a commutative, Noetherian ring with 1, r is a group, 
and S = RT. If D, and C, are as in Lemma 1.1 and tf in addition Hi(D) is finitely 
genrated over R and trivial over rfor 0 I i 5 n while Hj(C) is jnitely generated over 
R and trivial over r for 0 I j < d, then H,(E) may be taken to befinitely generated over 
R and trivial over r for 0 I k I n + d. 
Proof. The claims follow quickly from the long exact sequence in homology for 
0 -+ D, + E, -+ - (Z”+ ’ (Ccd))s)* -+ 0, where E, is the mapping cone as above. The 
crucial segment of that sequence is 
O-+H,+l(E)-H,+l(C”+‘(C(d))S) - H,(D)- H,(E)-0 
H,(C)” 
Because R is Noetherian, H,, ,(E) 2 ker( 4) is finitely generated over R; in any case it 
is trivial over r. All the other homology groups of E, are isomorphic to homology 
groups of C, or D,. 0 
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2. Trees: Terminology and notation 
We will encounter rooted trees of a special type throughout the argument in the 
next section. Letters from the beginning of the Greek alphabet will be used to denote 
nodes in graphs below; capital Roman letters will usually refer to graphs. Trees may 
be infinite. 
Recall that a binary tree T is a rooted tree which may be empty; if T is not empty 
then for each node CIE T the nodes descended from CI must be partitioned into two 
binary trees, L(a) and R(u), the left and right subtrees of CI. A node is a leafof the tree if 
it has no children. A complete binary tree T is either an empty binary tree or 
a nonempty binary tree with the property that every node which is not a leaf has 
exactly two children. 
We will encounter trees in which all nodes but the root and the leaves have exactly 
two children; such a tree will be called a complete binary tree with adjoined root. The 
left child of a node a is denoted /l(cr) and the right child is denoted ~(a). We often refer 
to left children as lefthand nodes and to right children as righthand nodes. 
The depth of the root of a tree is 0; the depth of any other node CI is the length of the 
unique path joining CI to the root and is denoted d(x). 
Nodes in a binary tree may be represented faithfully as words in the alphabet {I, r}, 
where a word indicates the path of left and right turns descending from the root to 
a node and where the empty word E denotes the root node. Abusing notation, we take 
the word representing a as a synonym for CC. We make a convention that in our binary 
trees with adjoined roots, every nonempty word begins with 1 (i.e. the node of depth 
one is labeled 1). We let a(i) denote the letter in the ith position of the word 
representing a; put otherwise, the word representing c( is a(l)cc(2)...cc(d(cr)). 
If E and p are two nodes in a tree then we define their meet, denoted CI A b, to be the 
node represented by the maximal common initial string of c( and p. Observe that A is 
commutative and associative and that if a # c( A /3 and fi # a A p, then either 
cc~L(a A b) and IJER(cL A j?) or BEL(M A fi) and cc~R(a A p). 
If cI and /? are nodes of a tree then we write cx 5 /I if and only if d(a) I d(b) and either 
tl = a A p or (x E L(a A /?). Given p, the nodes z such that x 5 p form a subtree of 
depth d(p) and bounded on the right by p. 
If CI is a node in a binary tree T then the collection of nodes represented by the 
regular expression al * is the left leg of T through CI. Similarly, the right leg of 
T through CC is the set of nodes determined by the regular expression clr*. 
3. Resolutions modeled on trees 
The argument for the next theorem applies Lemma 1.1 repeatedly, using a binary 
tree as a blueprint for the construction. The nodes of the tree index submodules in the 
resolution, in which the sum over all nodes of depth d forms the module of d-chains. 
Some of the morphisms in the construction appear as edges in the tree, but most do 
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not; all the morphisms are conveniently recorded by the order relation 5 on the tree, 
however. 
Theorem 3.1. Let r be a group and let R be a commutative, Noetherian ring with 1. r is 
of type FP(ao, R) if and only there is an R-augmented chain complex C, of finitely 
generated projective RT modules such that the homology groups of C, are jinitely 
generated over R and are trivial over r. 
Proof. If r is of type FP(co, R) then a resolution of the trivial RT-module R by 
finitely generated RT-projectives has the prescribed properties. (This implication does 
not require that R be Noetherian.) 
For the converse implication, let T be a binary tree with adjoined root which is 
complete of infinite depth. We give a recursive construction of a resolution P* of R by 
finitely generated projective RT modules which associates to each node a of T such 
a module P(a) and defines Pi = &:dca) = i P(a). 
A boundary homomorphism will be defined from Pi to Pi- 1 so that two conditions 
are met. 
Condition A. If d(a) = i then the image of P(a) lies in @P(p), where this sum runs 
over all nodes /I 3 c( with d(B) = d(a) - 1. 
This convention on boundary homomorphisms implies that for each node LX the 
submodules 
‘F= @p<a,d(b)=iP(P) 
of the Pi form a subcomplex S”, which we describe as the ath skeleton of P*. We usually 
call the morphism 
‘@) -+ @fl5 a, d(B) = d(m) ~ 1 P( /?) 
the ccth partial differential. 
Condition B. For each righthand node CI (i.e. each CI such that cc(d(ol)) = r), 
Hd(,) - l(Sa) = 0. 
Note that this requirement implies that Hi(P) = 0 for all i > 1 since a direct limit 
argument shows that Hi(P) = Hi(S”) for any node a lying on the right leg through the 
root and of depth greater than i. 
The construction begins with a copy of the chain complex C,, arranged as the left 
leg through the root, i.e. with P(1’) = Ci. This initial step is sketched in Fig. 1. 
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depth 0
depth 1 
depth 2 
depth 3 
Fig. 1. The construction is complete through depth 1. 
Prepare a graft to kill H,(C) by forming the diagram 
0-R"-C;----C; 
and attach Ci as the top node P(lr) in the righthand subtree of P(Z) r C1, with the rest 
of Ci as the leftmost descending path in the new subtree. Note that Ci + C1 is the 
only new morphism defined so far. Extend our resolution by taking 
- thus forming an augmented complex P2 + PI + PO + R which is finitely generated 
and projective over RT at each stage and l-acyclic. See Fig. 2. 
This completes the construction through depth 2 and we continue by inducing on 
depth. Our induction hypothesis is that the construction has been completed through 
depth d 2 2 so that: 
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CO 
T 
depth 0 
depth 2 
depth 3 
Fig. 2. The construction is complete through depth 2 
(1) for each node /? of depth d or less, the entire left leg through /I has been 
constructed and is a direct sum of copies of C, (up to suspension), 
(2) morphisms satisfying Conditions A and B have been defined, and 
(3) for each righthand node CI of depth d or less, Hdca)_ t(Sa) = 0. 
The nodes of depth d + 1 are ordered by 5 and we begin a secondary induction 
from left to right. The first node of depth d + 1 is Id+‘, with P(ldt’) = Cd+ 1 and with 
morphism P(ld+‘)+ P(ld) given by the differential of C,. Observe that Srdt’ is the 
skeleton Cff ’ I). 
As we induce from left to right, we fill in the right child c[ = fir of each node p of 
depth d by performing a graft to kill Hd(SY), where y = flI is the immediate predecessor 
at depth d + 1 of a in the ordering 5. This graft determines both P(M) and the ath 
partial differential, as well as the modules P(ctlj). The grafting process establishes 
properties (l)-(3) for righthand nodes, following Lemma 1.1 and Corollary 1.2. 
During this horizontal induction the modules associated to lefthand nodes CI = 81 of 
depth d + 1 are determined by continuation from the parent p. The slth partial 
differential for a lefthand node other than 1 d+ ’ . IS determined (up to chain homotopy) 
by Lemma 1.1 and the homological vanishing requirement for the righthanded node 
immediately preceding CI at depth d + 1. 
To see that this construction of the partial differential is possible, begin by observ- 
ing that if the lefthand node a is not Id+‘, the seed case for the horizontal induction, 
then we can write it as a = yrlj for somej 2 1, where d + 1 = d(a) = d(y) + 1 + j. Let 
y1 = d(y). The node of depth d + 1 lying immediately to the left of a is 6 = ylr’. (See 
Fig. 3.) The graft corresponding to yr sets up the following diagram. The second row 
from the bottom is exact by the induction hypothesis on righthand nodes, so Lemma 
1.1 produces the arrows from the third row from the bottom to the second; the 
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Fig. 3. The induction step at lefthand nodes yrl’. 
rightmost of those vertical arrows is our partial differential. 
0-RR"-C;-C;- . ..- C; 
II II II /I 
O-R" -P(Y) +--P(yrl)--..- P(yrl') 
epil I I I 
O-H,(P) +-Z,(Fq- s,d+1 t-e..- s,dti 
I II II- . ..+--s.-s,dtl c_ . . . - s,"+j 
(Recall in reading the diagram that 6 = ylrj.) Properties (1) and (2) are thus established 
for lefthand nodes by Lemma 1.1 and Corollary 1.2, while (3) is irrelevant. 0 
4. Applications 
Throughout this section R denotes a commutative, Noetherian ring with 1. 
Recall that a CW complex X is said to be ofjnite type if X has a finite number of 
cells in each dimension. This notion gives a topological setting for the FP(co) 
property: a finitely presented group r is of type FP(co) if and only if there is a K(T, 1) 
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complex of finite type (see [4] or [3, Theorem 1.81). A topological translation of 
Theorem 3.1 is straightforward: 
Proposition 4.1. Suppose that ajnitely presented group r acts as a group of cellular 
covering transformations on a C W complex Y which is homotopy equivalent to a com- 
plex of$nite type, with quotient r\ Y also homotopy equivalent to a complex offinite 
type. If r acts trivially on H,(Y; R) then I- is of type FP(co, R). 0 
This conclusion may also be drawn from the Bore1 construction Y xr ET N r \ Y 
using a spectral sequence argument based on the results of Bieri-Eckmann-Brown 
cited in the introduction to this paper. The triviality of the action (r, H,( Y; R)) is 
required in the analysis of the Serre spectral sequence of the fibration 
Y+ Y xr ET + BT with coefficients in an RT-module M so that Bieri-Eck- 
mann-Brown may be applied, so it seems unlikely that a more general result can be 
obtained by such methods. Our argument with resolutions modeled on trees admits 
further development, however, and we will show in [17] that Proposition 4.1 extends 
to actions (r, Y) which are not homologically trivial, at least for integer or field 
coefficients R. An application of that improvement of the Proposition above will be 
given in [lS]. 
A special case of the main result is widely applicable. 
Proposition 4.2. Let F, be a jinite field. Suppose that r acts as a group of cellular 
covering transformations on a C W complex Y which is homotopy equivalent to a finite 
complex. If the quotient r\ Y is homotopy equivalent to ajinite complex then r is of type 
FP(a, E,). 
Proof. The total homology H,( Y; IF,) is a finite dimensional vector space over IF,, so 
the group of homology automorphisms of Y over [F, is a finite group. Therefore there 
is a normal subgroup r, < I’ of finite index such that the action of r, on Y is 
homologically trivial over [F,. The quotient r,\ Y is homotopy equivalent to a finite 
complex, so r, is of type FP(oc, E,), by Proposition 4.1. Following [3, Proposition 
2.51, r is also of type FP(co, F,). 0 
The mixed spaceform problems of topology seek characterizations and classifica- 
tions of closed manifolds whose universal covers are homotopy equivalent to closed 
manifolds [16]. Recent progress on the spherical-Euclidean spaceform problem of 
classifying of manifolds whose universal covers are S” x lWk includes open manifold 
realization theorems for many groups satisfying appropriate cohomological periodic- 
ity conditions [7,12] and constructions of closed spherical-Euclidean spaceforms 
whose fundamental groups contain finite dihedral subgroups [lo, 151. We also know 
that the topology of ends of groups constrains the fundamental groups of closed 
mixed spaceforms [ 161. 
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The results obtained here show that the fundamental groups of R-homologically 
trivial, closed mixed spaceforms are of type FP(co, R). In particular, we obtain the 
following consequence of Proposition 4.1 and the results on virtual Poincare duality 
groups from [16]. 
Corollary 4.3. Let M” be a closed manifold whose universal cover &? has the homotopy 
type of a closed manifold. Let T = x1(M) and suppose that the action of T on A? by 
covering transformations induces the trivial action in H,(@; Z). Then the virtual 
cohomological dimension VCD(r) is$nite zfand only tfr is a virtual Poincart duality 
group. 
Proof. A fibering argument presented in [ 163 shows that if X is a Poincare complex of 
formal dimension n + k whose universal cover x” is a Poincare complex of formal 
dimension n, then if the fundamental group r of X has finite VCD and is of type 
FP(co), then r is a virtual Poincare duality group. 
For the converse, recall that every virtual Poincare duality group has finite VCD 
and is of type VFP, hence of type FP(cc). (See [S], Sections 8.10 and 8.11, especially 
Remark 2 on p. 222.) 0 
Discrete subgroups of Lie groups provide the classical examples of mixed space- 
forms, in the form of coset spaces T\G. A lattice r < G may have infinite virtual 
cohomological dimension [S, 111, even if it is a uniform lattice (i.e. cocompact in G) 
[13]. In [9] many of the uniform lattices considered by Raghunathan in [ 131 are 
shown to be fundamental groups of compact spherical-Euclidean spaceforms as well, 
so even the most basic versions of mixed spaceform problems may encounter the 
difficulty of infinite VCD. The FP(co) property can be established for many discrete 
subgroups of Lie groups, however, even without finite VCD. 
Corollary 4.4. If G is a virtually connected Lie group and r is a discrete subgroup of 
G such that T\G has the homotopy type of a finite C W complex, then r is of type 
FP(co). 
Proof. If G is connected then left translation by any element of r is homotopic to 
Id,: G -+ G and the action of r is homologically trivial. Since G is homotopy 
equivalent to a maximal compact subgroup K, Theorem 3.1 applies. 
If G is not connected but has only finitely many components then let r, = r n G,,; 
the first case of this argument shows that r0 is of type FP(co). Proposition 2.5 of [3] 
implies that r shares this property. 0 
One hopes that, even without homological triviality conditions, the fundamental 
groups of closed mixed spaceforms must be of type FP(co). Circumstantial evidence 
supports such a conjecture, inasmuch as many of the well-known finitely presented 
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groups which are not of type FP(co) also fail to be of type FP(co, LF&, so Proposition 
4.2 is applicable (Stuhler’s examples [19] are perhaps the clearest instance of this 
phenomenon). (Note that for 1 I II I co, if r is of type FP(n) then r is of type 
FP(n, R) for all commutative rings R.) We will return to this issue in [17]. 
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